In the present work, the formation of shear band under simple shear loading is investigated using the rate-independent elastic-plastic constitutive relations. A small initial perturbation representing material imperfection is introduced into the work piece to develop the post-localization behaviors. Since kinematic hardening rule assumed under a finite deformation regime, the stress rate is co-rotated with respect to the spin of substructure using the plastic spin concept. Moreover, the strain gradient terms are incorporated into the yield function to obtain a non-local plastic constitutive relation and its results are compared with a conventional plasticity model. It is noted that the shear band formation is accompanied by decrease in the magnitude of spatial increment within the regime of localization. Moreover, the strain gradient affects the shear localization behavior significantly such that the intensity of shear band increases as the strain gradient coefficient increases when the J 2 flow theory is employed. The effect of strain gradient on the deformation localization is, however, almost negligible for a material deformed accord with the J 2 deformation theory.
Introduction
Plastic deformation localization referred to as shear band is often observed in the various classes of engineering materials when a work piece is subjected to a large plastic deformation such as a metal forming process. When a shear band occurs, the inelastic deformation in localization regime is accelerated rapidly to a higher level of strain. As for the metallic materials, the plastic deformation localization is in general related to the void nucleation and its coalescence, which ultimately lead to a material failure (1) . The thermal energy generated due to irreversible inelastic deformation further enhances a flow softening behavior. Thus, the localized temperature rise and limited heat transfer as well as the dilatation within a work piece contributes to the formation of adiabatic shear band extensively (2) . Strain localization can be, however, encountered with a negligible thermal effect or no softening effect at a relatively slow strain rate (3) . The dilatation due to the porosity has the major responsibility of ductile fracture of a work piece and it increases the heterogeneity of work piece. The non-homogeneity due to the porosity induced by plastic deformation as well as the wide range distribution of initial grain size is known to enhance the shear band susceptibility of a work piece.
The large plastic deformation involves various evolutions of the micro-structural alternation in polycrystalline aggregates such as the mis-orientation between slip planes, grain size and tangled cell structure of dislocations. Such micro-structural non-homogeneities develop the strain heterogeneities and they play an important role in the initiation of shear band formation as well as in the post-localization behavior (4) . An inclusion or the precipitates aggregation embedded in homogeneous metallic matrix gives a rise to a strain and/or stress perturbation, which, in turn, increases the heterogeneity of a work piece. In this case, the strain gradient terms may be required to describe the strain non-homogeneity in the flow stress. The micro-structural origin of higher order terms of strain gradient was derived considering the interaction of an inclusion embedded in an infinite homogeneous matrix (5) . Furthermore, the effect of grain size and the micro-structural non-homogeneity on the plastic formation was investigated by introducing the strain gradi-ent terms, which are incorporated into the equivalent flow stress. The strain gradient terms render the conventional constitutive relation into the non-local theory and the gradient dependent flow stress is associated with the feature of relevant microstructure (6) , (7) . It was claimed that the strain gradient terms have an effect to remedy the mesh size dependence on strain localization when the finite element analysis is carried out.
The analysis of plastic deformation in the past shows that a variety of plastic flow localization behavior can be obtained depending on the details of constitutive descriptions especially for the rate independent materials. Several non-linear phenomena are involved with the finite inelastic deformation including a large material axis rotation as well as a distortion of the yield surface. Moreover, the strain at shear band formation is not predicted at realistic level when the conventional isotropic hardening rule is used unless small initial non-homogeneities introduced in the work piece. It is well recognized that the application of internal variable such as the back stress using the kinematic hardening rule yields more reasonable deformation localization behavior and it is attributed to fixed curvature of the yield surface of kinematic hardening (8) . Moreover, the imperfection sensitivity is much enhanced by a higher yield surface curvature. The corner theory based on J 2 deformation theory, on the other hand, describes a vertex formation on the subsequent yield loci and it provides one-toone correspondence between the rate of deformation and the objective stress rate. Thus, the prediction for strain localization phenomena varies accordingly (9) . A simplified J 2 deformation theory is also able to depict the effect of vertex formation on the yield surface (10) . However, the application of the deformation theory is restricted to the nearly proportional loading condition.
The objective stress rate is required to maintain the frame indifferent constitutive make-up under the finite deformation with a large rotation of the principal axis. The application of conventional Jaumann stress rate with the kinematic hardening rule, however, leads to an undesirable oscillatory stress response as a result of large rotation of the principle axes of stresses under a simple shear deformation (11) , (12) . In this regard, the choice of co-rotational stress rate becomes an important issue especially for the plastic strain induced anisotropic hardening constitutive relations. A particular objective stress rate form was proposed to cope with aforementioned problems by introducing a specific spin tensor such as the spin of substructure in the place of continuum spin using the relative spin concept or the plastic spin. Dafalias (13) , (14) proposed a constitutive equation for the plastic spin using the representation theorem and the effect of plastic spin on stress evolution is examined using kinematic hardening rule within the J 2 flow theory.
In the present work, the analysis of the evolution of post-localization is carried out using rate independent kinematic hardening constitutive relations. A small initial perturbation is introduced to develop the stress and/or strain heterogeneity to trigger the plastic deformation instability. In spite of the identical evolution law of back stress, a significant discrepancy in the evolution of shear band may arise between the J 2 flow theory and the J 2 deformation theory. Moreover, the effect of strain gradient on strain localization is studied over a wide range of strain gradient coefficients with the aforementioned constitutive relations to examine the effect of micro-structural heterogeneities. It should be pointed out that the thermal energy generated due to irreversible plastic work is ignored so that the distinct shear localization behavior is attributed to the nature of the constitutive description only. Figure 1 illustrates a homogeneous work piece with thickness H in x 2 direction while it extends infinitely in x 1 direction of the Cartesian coordinate space. The upper face of the work piece is applied with a constant velocity, whereas the lower face is fixed so that the work piece is subjected to a simple shear deformation under constraint boundary conditions. It is also assumed that the isothermal condition hold and the work piece be deformed in accord with the rate independent constitutive relations. All of the physical quantities in the field equations and the constitutive equations are expressed in the dimensionless forms with respect to initial yield condition. In spite of normalization of the field variables, the basic forms for field equations as well as constitutive equation are not altered.
Kinematics and Constitutive Relation
The followings represent the conservation of linear momentum and the constitutive relations for objective stress rate:
Here, the terms of ρ, v i , and R i jkl denote the specific volume, the velocity of material particle, and the constitutive constant of plasticity, respectively, whereas D kl stand for the rate of deformation tensor the symmetric part of kinematic decomposition of the velocity gradient L i j . The velocity gradient is decomposed into the rate of deformation and the continuum spin, while the continuum spin can be represented in terms of the plastic spin and the spin associated with rigid body rotation.
Here, Ω ij stands for the spin of substructure and the stresses are co-rotated with the spin of sub-structure:
Herein, the Cauchy's stress tensor is employed instead of the Kirchhoff stress tensor since the volumetric change for the elastic deformation is assumed to be negligible compared with the plastic deformation. The decomposition of the rate of deformation into elastic and plastic parts reads:
Since the discovery of inadequate application of the conventional Jaumann rate with strain induced anisotropic hardening materials, several researchers have proposed the spin of substructure in the place of the continuum spin. The spin of substructure represents the pure rigid rotation and can be determined by the additive decomposition of continuum spin into the material spin and the spin associated with inelastic deformation (15) . However, a constitutive equation of the plastic spin is required to obtain the spin of substructure. The generalized phenomenological equation for plastic spin proposed is as follows (16) , (17) :
Here, α i j is the Prager type linear kinematic hardening variable, and η is a scalar valued plastic spin coefficient, which is, in turn, a function of internal state variables and its invariants. Thus, the plastic spin parameter evolves with the history of plastic deformation. The plastic spin vanishes when the rate of plastic deformation becomes nil or an unloading occurs. Wide range of numerals for η has been tried to obtain the oscillation-free stress response under simple shearing. In this case the plastic spin coefficient is independent of the evolution of internal variables. On the other hand the analytical solution using the rigidplasticity reduces to the following plastic spin parameter η (18) .
Here, the term α eq stands for the equivalent back stress, whereas h t is the strain hardening modulus. Whilst E and E t denote the modulus of elasticity and the tangential modulus of flow stress-strain curve, respectively. In spite of the application of Levy-Mises equation to obtain the plastic spin coefficient, it may not be unreasonable to extend its use to the elastic-plastic continuum media as well. Henceforth, the expression for the parameter η as specified above is employed throughout the present work.
With an assumption of kinematic hardening, the yield function associated with the strain gradient terms can be expressed as followings:
where the terms of s i j and α i j represent the stress deviator and the back stress, respectively. Due to the deviatoric nature of back stress tensor, the deviator of back stress is not taken. K(ε p ) is the flow stress determined by the homogeneous plastic deformation, whereas c 1 and c 2 stand for the strain gradient coefficients characterizing the heterogeneity of strain in work piece. For a typical structural steel with a grain size in the range of 10 µm ≤ d ≤ 100 µm, the gradient coefficients have the range of 1.0 ≤ c 1 ≤ 100 and 0.035 ≤ c 2 ≤ 3.5 (5) . In general, the strain gradient coefficients depend on the mechanical properties and especially the microstructure of a work piece such as the grain size and its distribution. As the heterogeneity or grain size of a material increases, the strain gradient coefficients increase. Introduction of the higher strain gradient terms into the stress-strain relation through the gradient dependent flow stress renders the classical yield condition the non-standardized form. Moreover, it becomes incompatible with the plastic flow rule. However, it was noted that non-standard yield condition due to an introduction of higher order strain gradients is not required when a constitutive relation is derived using the consistency condition (4) . Then, the constitutive relation of strain gradient dependent plastic material may reads (7) :
where,
with G being the shear modulus of elasticity.
For the J 2 flow theory, the constitutive constant may be expressed as follows:
Thus, Zbib and Aifantis (7) expressed the constitutive relation by replacing the usual flow stress with strain gradient incorporated flow stress and an additive term c * s i j . Likewise, the introduction of strain gradient terms into the J 2 deformation theory may yield the constitutive relation as summarized below:
When secant modulus 'h s ' goes to '∞', the constitutive relation for J 2 deformation theory is reduced to the J 2 flow theory (9) . The evolution of the back stress is expressed using Prager's linear kinematic hardening rule, which is used frequently due to its simplicity:
The back stress is similarly co-rotated with respect to the spin of substructure Ω ij as mentioned earlier.
•
The stress-strain curve used in the present work is depicted as a power law-type hardening and under the isothermal condition it can be expressed as follows:
Here 'n' is the exponent of strain hardening while 'ε 0 ' denotes the strain at a reference state or the strain at initial yield.
Numerical Analysis

1 Finite difference model
The explicit finite difference scheme is utilized in the present work and it takes full account of the elastic effect. Thus, the necessary time increment required for the stable numerical solution is determined using the classical von Neumann stability criterion as follows:
Assuming that both ends of plate fixed with respect to normal direction of shear deformation, the boundary conditions can be expressed as follows:
The following non-uniform distributions of shear stress and back stress are given as an initial condition for the onset of deformation localization within the work piece:
The initial perturbation can be conceived as an internal material defect such as porosity or some metallic inclusions. Then, the post localization behavior can be obtained as a result of inhomogeneous plastic deformation using the present constitutive models. The followings illustrate some details associated to the numerical grid used for interior node points.
Here the terms of ∆u i , ∆ε i j , and ∆W i j stand for the increment of displacement, the increment of total strain, and the continuum spin multiplied by time increment '∆t' associated with the grid point of 'n'. The first strain gradient term can be represented as follows:
Here, ∆x 2 denotes the spatial increment in the normal direction of shear deformation. Then, the velocity of each grid can be updated via the conservation of linear momentum equation as follows:
Upon the velocity profile determined, the strain increment can be obtained for the next time increment. Then, the increment of frame indifference stress and the stress in current configuration can be calculated:
(23) Here, ∆Ω ij denotes the increment of spin of substructure, whereas, R i jkl represents the elastic-plastic constitutive constant. With the kinematic hardening rule assumed, the increment of back stress as well as the plastic spin can be determined upon the increment of plastic strain obtained. Then, the rest of the state variables can be calculated in the staggered manner.
2 Numerical results of inhomogeneous plastic deformation
The equations listed in the previous section are solved numerically using a finite difference scheme. All cases to be analyzed in the present work are for the material with strain hardening exponent n = 0.15, Poisson ratio ν = 0.33, and modulus of elasticity E/σ 0 = 185.7. It is assumed that the strain gradient coefficient c 1 and c 2 be constant regardless of the evolution of plastic deformation or the micro-structural alternations such as transformation of initial grains into sub-grains and their distribution. Thus, the micro-structural heterogeneity is assumed to stay constant and it is independent of the local strain throughout the history of deformation. The first strain gradient coefficient 'c 1 ' is controlled within a selected range, while the second strain gradient coefficient 'c 2 ' is set to zero for the simplicity of the numerical analysis. Moreover, the thermal energy generated due to irreversible inelastic work and its associated heat transfer within the work piece is ignored. It is also assumed that the magnitude of spatial increment (∆x 2 ) between each grid point change with the evolution of the state variables of corresponding grid point. All physical quantities are normalized with respect to the state variables at initial yield including the strain gradient coefficients. Since the maximum variation of state variables is considered to occur at the center of work piece where the initial perturbation of shear stress is located, the presented results with respect to the controlled variables refer to the center of the deforming body (x 2 = 0.5) if not mentioned otherwise.
First, the effect of strain gradient in plastic deformation localization is examined using the conventional isotropic hardening material formulated with the J 2 flow theory and three first strain gradient coefficients (c 1 ) are selected between '0' and '100'. The conventional Jaumann stress rate is employed as the co-rotational rate in this analysis. Figure 2 shows the spatial distribution of equivalent strain rate across the half of work piece at a particular dimensionless time step and it illustrates that the peak shaped strain localization band is developed as a result of severe inhomogeneous plastic deformation. It is also noted that the strain rate within the localization regime increases with the first strain gradient coefficient 'c 1 '. It depicts that the strain localization behavior becomes intensified with an increase in the heterogeneity or Fig. 2 Spatial distribution of equivalent strain rate with some selected first strain gradient coefficients the grain size of material. As the plastic deformation localization intensifies, the constitutive relations incorporated with strain gradient further induce an increase in the stress gradient and in turn an increase in the local strain increment gradient. Thus, instead of reduction of the intensity of shear band, the formation of shear band is accelerated with the strain gradient terms. Therefore the strain gradient incorporated flow stress somehow provides a means to model the micro-structural features such as the heterogeneity of plastic flow or the grain size. As mentioned earlier, the primary goal of the present work includes an investigation of the effect of strain gradient on the evolution of strain localization behavior for the kinematic hardening materials. The work piece is associated with two aforementioned constitutive relations in the previous section. The constitutive relation formulated by the J 2 flow theory is referred as the FK model, whereas, the DK model represents the constitutive relation associated with the J 2 deformation theory. Unlike the isotropic materials, the stress is co-rotated with respect to the spin of substructure obtained by incorporating the plastic spin, which is determined using the back stress and the other internal variables. The deformation history dependent plastic spin coefficient is employed to determine the plastic spin tensor. Moreover, in addition to three already selected gradient coefficients as in the analysis for isotropic hardening material, a relatively large strain gradient coefficient (c 1 = 420) is supplemented to show the effect of strain gradient on deformation localization more clearly. Figure 3 represents the spatial distributions of equivalent strain rate obtained at a particular time step using the FK and DK models, respectively. It can be noted that the equivalent strain rate at the center of shear band determined using the FK model (J 2 flow theory) increases as the strain gradient coefficient 'c 1 ' increases, whereas almost negligible change in the maximum strain rate is observed with the DK model (J 2 deformation theory). Thus, the strain localization of work piece deformed according to the J 2 deformation theory is rarely influenced by the strain gradient terms or the micro-structural heterogeneity of a work piece. As mentioned previously, the magnitude of spatial increment is assumed to change with the evolution of plastic deformation localization. Figure 4 shows the associated distribution of spatial increment (∆x 2 ) in the normal direction of the shear loading and it shows that the magnitude of spatial increment becomes smaller within the shear band. Thus, the deformation localization is accompanied by not only the growth of strain or its rate but also the change in the width of localization band or the spatial increments within the localized regime. Such a reduction in the spatial increment further induces the increase in the strain increment for next time step to lead a rapid shear band formation. However, the strain gradient term slightly affects the width of shear band unless a rela- tively large strain gradient coefficient is assumed. Furthermore, the results obtained using the DK model show almost no or negligible change in the spatial increment with an increase in the gradient coefficient, whereas, a modest change in the magnitude of spatial increment can be observed for the FK model. Thus, the strain gradient incorporated constitutive relation does not affect the evolution of strain localization for the material deformed according to the J 2 deformation theory. The comparison between two constitutive models is also made and the distributions of equivalent strain rate are presented in Fig. 5 using the first strain gradient coefficient c 1 = 84. It can be noted that at a particular time step the FK model yields the higher concentration of deformation localization than the DK model, when the strain gradient is taken into consideration. Moreover, when the effect of strain gradient is ignored (c 1 = 0) or the conventional local theory is assumed, a similar result was obtained. Figure 6 represents the distributions of spatial increment associated with the present constitutive relations using the same strain gradient coefficient as previously. It shows that a significant change in the magnitude of spatial increment can be observed with the FK model. The effect of strain gradient on the evolution of stress or stress rate occurs in a competitive way such that the plastic constitutive constant incorporated with strain gradient (first term in right hand side of Eq. (9)) may play a dominant role over the additive term expressed by the strain rate (second term in right hand side of Eq. (9)) in determining the current stress rate of a grid point. The aforementioned two gradient terms modifies the values of strain hardening and strain rate sensitivity to influence on the deformation instability with a good deal. Thus, the comparison between the FK model and the DK model demonstrate the significance of strain gradient incorporated plastic constitutive constant over the additive term. It can also be noted that the flow stress incorporated with strain gradient and the gradient of strain increase to the center of shear band (x 2 = 0.5) since the strain gradient itself increases to the place of stress perturbation embedded. Thus, the strain perturbation due to initial heterogeneity increases in the regime of strain localization, whereas the neighboring regimes are relatively intact. The effects of strain gradient on strain localization are investigated using some selected range of the first strain gradient coefficient 'c 1 ' as depicted in Fig. 7 . It shows the variation of equivalent strain rate (or its increment) at the center of work piece using the aforementioned constitutive models. It can be observed that the intensity of shear localization at the center of shear band varies slightly or shows no noticeable change for the material formulated with the DK model. On the other hand, a significant variation of intensity of shear band can be observed with the FK model. Furthermore, the growth of equivalent strain rate within localization band appears to be accelerated with the increase in gradient coefficient. Figure 8 represents the variation of spatial increment at the center of shear band. It shows that a noticeable change occurs in the magnitude of spatial increment with the strain gradient coefficient for the FK model, thus resulting in increase in the strain increment for the following time steps accordingly. It has been well recognized that the plastic strain in- duced anisotropic hardening such as kinematic hardening rule results in Swift's effect such that the stress in normal direction is developed with both ends fixed with respect to normal direction of shear loading (a constraint boundary) or a normal strain with the free end boundaries. On the contrary the material governed by the isotropic hardening rule yields a negligible Swift's effect. The effect of strain gradient on the evolution of normal stress is presented in Fig. 9 . It depicts that a considerable variation in compressive normal stress can be observed with the strain gradient coefficients for the FK model, while almost negligible variation for the DK model is obtained. Thus, the work piece deformed in accord with the J 2 flow theory is affected by the strain gradients more significantly than that formulated with the J 2 deformation theory. It is, however, observed that the development of compressive normal stress is stabilized and remains constant upon reaching a relatively large value of gradient coefficient. The Swift's effect plays an important role in shear band formation since the stress distribution affects the strain increment of the grid point for the following time increments and the strain localization behavior. It was claimed that when a deforming work piece undergoes the flow softening, the strain localization behavior is stabilized by the higher order gradient terms with the rate independent plastic flow assumed (5) . It is also remarked that the effect of strain gradient on the evolution of shear band is manifest only for the rate dependent materials (4) . Moreover, the previous research works depicted that the increase in heterogeneities yield a negative effect on the shear band formation and it rather yields a diminishing effect on the shear band formation with an increase in the strain gradient. In those work, an emphasis had been placed on the strain gradient's remedying effect with which the localization behavior becomes independent of mesh densities from the results of the finite element analysis. Therefore it is contradict to the general perceptions of the real metal work industries. On the other hand in the finite element analysis carried out by Zbib (5) , the integral corresponding to the back stress was treated as the force vector term instead. However, the back stress tensor associated with kinematic hardening rule is expected to be included in the elastic-plastic constitutive relations, thus, in the stiffness matrix. When a particular force vector term is added in the finite element modeling, the distributions of strain spread out or shrink down depending upon the sign of force vector terms and its evolution. On the other hand, the strain gradient term is included in the stiffness matrix, which may affect the strain distribution (or velocity field) considerably. The plastic spin term is also known to play a similar role in stabilizing the plastic deformation localization to result in more evenly distributed strain field. Thus, the contradicting results of the present work to those made by Zbib and Aifantis (4) , (5) regarding the effect of strain gradient terms maybe stem from the points mentioned above.
On the other hand, a noticeable effect of strain gradient on the shear band formation can be observed in the work piece deformed in accord with the J 2 flow theory in the present work. Thus, the deformation localization becomes more pronounce with the strain gradient terms. As for the J 2 deformation theory material, the effect of strain gradient is, however, negligible in the post-localization behavior under an assumption of kinematic hardening rule. In the present results, the effects of strain gradient term turn out to be significant for the post localization behavior of the rate independent J 2 flow materials. In fact the strain gradient terms induces the increase in the flow stress to modify the plasticity constitutive constant R * i jkl which in turn results in increase in the co-rotational stress rate of a grid in the regime of localization. In the course of finite difference analysis, the local increase in the stress field is related to the increase in the stress gradient due to the perturbation given. The increase in stress gradient results in the growth in velocity gradient via the conservation of linear momentum as well as the strain increment through the compatibility conditions. Therefore accompanied by the reduction of spatial increment and increase in the strain increment, the deformation localization is accelerated with the strain gradient coefficient. The present results are consistent with the situations experienced in the metal forming industries such that the increase in heterogeneity of work piece enhances the possibilities of material failure.
However, it should be pointed out that since the strain gradient coefficient is assumed to be independent of the evolution of local strain, it is constant throughout the plastic deformation history in the present work. Thus, during the actual metal forming process, the intensity of strain localization is expected to be somewhat lower than the present results. It may be stabilized with the evolution of strain gradient coefficient due to negative sign of the first derivative of strain gradient coefficient with respect to the equivalent strain. Moreover, since the reduction in grain size reduces the effect of strain gradient, the strain localization behavior with strain gradient terms is expected to be lower than the prediction. Nevertheless, the strain gradient incorporated constitutive relation offers some ideas regarding the effects of the strain non-homogeneity on the susceptibility of shear band.
Concluding Remarks
In the present work, the post localization behavior under a simple shear deformation is investigated using a finite difference analysis and the Prager's linear evolution law of back stress is employed as the kinematic hardening rule. The constitutive models are associated with either the J 2 deformation theory or the J 2 flow theory. The strain gradient incorporated constitutive relations are employed to study the micro-structural effect on post-localization behavior. In spite of the introduction of small initial perturbation, the peak shaped shear band is developed clearly and it is accompanied by decrease in the magnitude of spa-tial increment as a result of the inhomogeneous deformation. It is interesting to note that the J 2 flow theory yields the higher shear band formation than the J 2 deformation theory. Moreover, the effects of strain gradient are more significant for the material deformed in accord to the J 2 flow theory such that the strain localization is intensified with an increase in the strain gradient coefficient or in the heterogeneity of work piece. However, the strain gradient plays a trivial role in the evolution of shear band for the material governed by the J 2 deformation theory.
